The scattering of elastic waves in a medium with damage from microcracking is discussed. The influence of damage from penny-shaped microcracks within a homogeneous medium is considered. The microcracks are assumed to be randomly oriented and uniformly distributed. Explicit expressions are derived for the attenuation of longitudinal and shear elastic waves in terms of the damage parameter and the effective elastic moduli of the medium. A generalized tensor-based approach is used such that the results are coordinate free. The derivation is based upon diagrammatic methods. The problem is formulated in terms of the Dyson equation, which is solved for the mean field response within the limits of the first-order smoothing approximation. The longitudinal and shear attenuations are discussed in terms of their frequency dependence and damage dependence. In particular, the attenuations are shown to scale linearly with the damage parameter.
I. INTRODUCTION
The scattering of elastic waves in complex media, particularly at ultrasonic frequencies, is of importance to nondestructive testing, materials characterization and other research areas. Information about the decay in the coherent field due to scattering attenuation may often be used to infer information about the microstructure of the material. 1 The incoherent field also contains microstructural information. Quantitative comparisons with experimental results require a well-developed model of the effects of the microstructure on the wave behavior. If the microstructure is modified, such as through the development of microcracks within the medium, this change in microstructure would manifest itself in the scattered wave fields as well. In the case of structural materials such as concrete, polycrystalline metals and most composites, these microcracks are typically induced by materials processing, manufacturing, aging and other in-service conditions. Changes in material response due to microcracking are typically inferred ultrasonically by the decrease in wave velocity or the increase in ultrasonic attenuation, both of which indicate a stiffness degradation or loss of strength of the material. 2 The limits of detecting these changes in wave behavior depend on the amount of increased scattering due to the system of microcracks. Studies of elastic wave attenuation in cracked materials are found in articles by Mal, 3, 4 Piau, 5 Chatterjee et al., 6 Zhang and Achenbach, 2 Zhang and Gross, 7 and Smyshlyaev and Willis, 8 for example. This previous research has primarily been focused on specific wave/ crack interactions, rather than a more general description. More general, tensor-based, studies of elastic wave attenuation are mostly limited to polycrystalline media. [9] [10] [11] [12] [13] In the present article, a generalized tensor-based approach is used to examine the attenuation of elastic waves in an isotropic, homogeneous medium with embedded microcracks. Here, the microcracks are assumed to be noninteracting, penny-shaped cracks that are randomly oriented. However, the coordinate-free approach allows for nonrandom ensembles of microcracks to be studied with relative ease. This topic is the subject of ongoing research by the authors. It is assumed that the constitutive behavior of the stiffness matrix or compliance matrix in the pristine state is sufficiently characterized at the local level by a linear elastic relation between the average stresses and average strains of the traditional form. In standard damage mechanics theory, 14 ,15 the continuum model is described by a macroscopic damage parameter attributed to the microcracks.
The effective elastic moduli of the medium that contains many penny-shaped cracks is first presented using techniques discussed by Nemat-Nasser and Hori 16 and Kachanov et al. 17 These techniques have been used to estimate the upper and lower bounds of the material properties with distributed damage. The general inequality was presented by Hashin and Shtrikman 18 using a variational approach. Similar ideas have been used to estimate the effective conductivity of such media. 19 The effective Lamé constants derived here are in agreement with previous analyses. Next, expressions for the moduli fluctuations are derived in terms of the single crack compliance. The fluctuations and corresponding covariance of the moduli are necessary for the attenuation derivation. This derivation is based upon the diagrammatic approach 12, 20 in which the mean response is governed by the Dyson equation. The Dyson equation is then solved for the longitudinal and transverse attenuations within the limits of the first-order smoothing approximation ͑FOSA͒ 20 or Keller 21 approximation. The attenuations are shown to scale linearly with the damage parameter at low values. Finally, example numerical results are presented and discussed.
II. EFFECTIVE ELASTIC PROPERTIES OF A DAMAGED ELASTIC SOLID
Methods which make use of estimating the effective elastic properties of the statistically homogeneous elastic solids which contain a large number of microcracks are inves-tigated by Nemat-Nasser and Hori, 16 Kachanov et al., 17 and others. The first step in determining the effective properties of the damaged elastic solid involves consideration of a single penny-shaped crack, which is located within an infinite, homogeneous, isotropic and elastic continuum. In accordance with linear elastic fracture mechanics, the total, local and average stress and strain ␥ fields hold for superposition. 22 The average stress and strain are related by
where SϭSϩS*, C ϭCϪC*. ͑2͒
In Eqs. ͑1͒ and ͑2͒, ␥ ϭ͗␥(x)͘ and ϭ͗(x)͘ are the ensemble average strain and average stress, respectively. Here S and C are the effective compliance and effective stiffness, respectively, of the elastic solid which contains the presence of the cracks. Here, S* is defined as the effective compliance contributed by all cracks within the elastic solid and C* is defined as the effective stiffness contributed by all cracks within the elastic solid. It should be noted that (C*)
Ϫ1
S*. The tensors S and C are the compliance and stiffness, respectively, of the pristine material.
The components of the effective compliance tensor S* can be estimated from the contribution by the microcracks. The contributions are calculated by the complementary strain energy in terms of the path independent integral of fracture mechanics. The strain energy is expressed as
where * is the Gibbs' energy and a is the crack radius. The factor Q in the integrand is written as the line integral of the J integral ͑energy release rate͒ along the crack perimeter L,
The energy release rate J is expressed in terms of the stress intensity factors K m (mϭI,II,III) corresponding to the three fundamental crack modes as
where and are the Poisson's ratio and shear modulus, respectively, of the surrounding material. Thus, the final Gibbs' energy is derived in compact form as
͑6͒
The tensor M is given by
where ␦ mn is the Kronecker delta, and the subscript n also represents the three fundamental cracks modes I, II, or III. The components of the compliance tensor are related to the Gibbs' energy through S i jkl (s) ϭ‫ץ‬ 2 ‫ץ/*‬ i j ‫ץ‬ kl ͑in the local coordinate system, the notation ϳ is used͒. Thus, the compliance attributed to the presence of a single penny-shaped active crack in a representative volume V is then
͑8͒
Substituting K m into Eq. ͑8͒ and integrating gives the compact form 15 
S i jkl
(s) ϭ 16 3V 1Ϫ 2Ϫ 1 2 a 3 ͕2 Ĩ i jkl 5 Ϫ Ĩ i jkl 6 ͖.
͑9͒
In the global coordinate system, using a coordinate transformation and assuming the normal stress at the crack surface is tensile, the effective compliance attributable to a single, planar, penny-shaped crack of radius a is written in the simple form
͑10͒
The compliance of a single crack is dependent on the unit normal n, which defines the crack orientation. This orientation is implicit in the tensors I 5 ,I 6 . These tensors and other necessary basis tensors are given in terms of the unit normal vector n and Kronecker delta ͑␦͒ as
If it is assumed that the damaged medium is statistically homogeneous and statistically isotropic, the effective compliance attributable to a single crack is approximately the inverse of the effective stiffness. It is convenient to derive the attenuation in terms of the effective stiffness attributable to a penny-shaped crack. The compliance tensor of the pristine, undamaged elastic matrix is
͑12͒
Then the effective compliance expression for a simple crack in a matrix can be written
in which To calculate the stiffness tensor, the other irreducible tensor basis J (J i ,iϭ1,2, . . . 5,6) is used. 23 These basis tensors may be formed from the tensors I using a linear transformation. The effective compliance tensor expressed in terms of the J basis tensors is given by
where
The effective stiffness tensor may also be expanded in a similar way as
where the scalar coefficients b i are related to the scalar co-
with
If the penny-shaped crack volume is much smaller than the representative volume, the higher order terms in the coefficients may be neglected. This truncation is used to simplify the form of the derivation that follows and places some limits on the resulting attenuations. In this case, the corresponding coefficients are
Again the effective stiffness is represented in terms of the six fourth order tensors I,
where the coefficients c i are
The single crack stiffness reduces the stiffness of the pristine, undamaged elastic matrix with stiffness
2 ). Thus, the effective stiffness of the crack in a unit volume and matrix is
where the coefficients d i are
To estimate the ensemble average properties, an infinitely extended, homogeneous, isotropic and elastic threedimensional continuum is considered. The medium is assumed to contain a large number of microcracks which do not interact with each other. The effective compliance or stiffness may be determined by the superposition of the contributions of individual microcracks. In the case of a large number of microcracks, the summation can be replaced by an integration over a continuous distribution of crack sizes and orientations. The penny-shaped crack is characterized by its radius a and two Euler angles and that define the orientation of the unit normal n. The specific distribution of the crack radii and orientations is expressed by the probability density function W(a,,). In some situations, the microcrack radii and orientations may be correlated. The density function is then replaced by the probability density function P(a,,)ϭ P (,) P a (a͉,). Here, however, it is assumed that the microcrack radii and orientations are not correlated. In this case, the density function is expressed as W͑a,, ͒ϭA͑ a ͒͑ ,͒. ͑25͒
The effective continuum properties per unit volume are expressed in terms of an ensemble average utilizing the density function in Eqs. ͑25͒ and ͑23͒ such that
In Eq. ͑26͒, the nondimensional microcrack density per unit volume is defined by
where N is number of cracks per unit volume and the angular brackets represent the ensemble average. This damage factor was introduced by Walsh 24 for the case of an isotropic distribution of the penny-shaped microcracks. A more general form of the damage factor in terms of elliptical microcracks is given by Budiansky and O'Connell,
where ⌫ and P are the crack surface area and the perimeter length, respectively. The simplest model of the microcrack distribution is assumed when their orientations are random. In this case, the normal to the microcrack plane takes every direction with equal probability, such that the effective compliance or stiffness tensor attributable to the presence of microcracks is isotropic. In this case, the density function in Eq. ͑25͒ is given by ͑, ͒ϭ1. ͑29͒
The effective stiffness attributable to the presence of N active microcracks per unit volume is then derived from Eq. ͑26͒,
where the C i jkl (s) is expressed in Eq. ͑23͒. By integrating the expression in Eq. ͑30͒, the effective stiffness due to an isotropic distribution of penny shaped microcracks is derived as
͑31͒
In addition, the stiffness tensor of the homogeneous, isotropic and elastic solids in its pristine, undamaged state is
Here, the ensemble average stiffness is redefined such that the average fluctuations are zero. Such a procedure, while not necessary, is convenient for the calculation of material covariance and attenuation. The moduli are assumed to be spatially varying and of the form
͑34͒
Thus, the moduli have the form of the average moduli 
These results are identical with the results obtained by Krajcinovic, 15 Kachanov et al., 26 Budiansky and O'Connell, 25 and Zimmerman. 27 The effective properties of the damaged material are shown by Eqs. ͑36͒ to be linearly related to the damage parameter . Thus, wave speed changes that are the result of damage will scale linearly with as well. The fluctuations, which are defined here to have zero average, ͗␦C ͘ϭ0, are given by
The function H(x) is defined as
where S is the spatial volume occupied by a crack.
III. ENSEMBLE AVERAGE RESPONSE
The propagation and scattering of elastic waves in heterogeneous media is presented in this section in terms of the Dyson equation. Such an approach has been discussed by Frisch 20 and used by others. 12, 13 This section is primarily included for completeness. The equation of motion for the elastodynamic response of a linear, elastic solid to deformation is given in terms of the Green's dyadic by
where ␦ 3 (xϪxЈ) is the three-dimensional spatial Dirac delta function. The second order Green's dyadic, G k␣ (x,xЈ;t), is defined as the displacement response at location x in the kth direction due to an unit impulsive force acting at position xЈ in the ␣th direction at time zero. The moduli are considered to vary spatially whereas the density is assumed uniform throughout with units chosen such that the density is unity ͓(x)ϭ1͔. The effective fourth-rank stiffness tensor C i jkl (x) is given in Eq. ͑33͒. It is assumed that the fluctuations are small, such that ␦C ӶC 0 . The covariance of the moduli is characterized by an eighth rank tensor ͗␦C i jkl ͑ x͒␦C ␣␤␥␦ ͑ y͒͘ϭ⌶ i jkl ␣␤␥␦ ͉͑xϪy͉͒.
͑40͒
The spatial and tensorial parts of the covariance, and ⌶, respectively, are assumed independent. Also, is assumed to be a function of the magnitude of the difference between two vectors, ͉xϪy͉, rather than x and y separately. This assumption implies that the medium is statistically homogeneous and statistically isotropic. The spatio-temporal Fourier transform pair for the function f (x,t) and f(p,) is defined as
These definitions allow Eq. ͑39͒ to be temporally transformed in the following form:
The mean response is governed by the Dyson equation 12, 20 ͗G i␣ ͑ x,xЈ͒͘ϭG i␣
The notation G i␣ 0 (x,xЈ) is the bare Green's dyadic defined as the ensemble average response of the medium ͑without fluctuations͒, namely, the solution to Eq. ͑42͒ when ␦C i jkl (x) ϭ0. The second order tensor M is the mass ͑self-energy͒ operator. Equation ͑43͒ is easily solved in the Fourier transform domain under the assumption of statistical homogeneity. The spatial Fourier transform pair for G 0 is first defined as
The bare Green's dyadic, G 0 , is the solution of Eq. ͑42͒ with the modulus fluctuation equal to zero. Hence,
for propagation in the p direction. The bare longitudinal wave g L 0 (p) and transverse wave g T 0 (p) propagators are denoted 
Here M (p) is the spatial transform of the self-energy. The self-energy, in turn, can be written as an expansion in powers of material property fluctuations. An approximation of M is made to first order using the first term in such an expansion. 20, 21 To this level of approximation, M is expressed as 12 M ␤ j ͑ y,z͒
͑48͒
The approximation is valid if the fluctuations are not too large. The spatial Fourier transform defined in Eq. ͑44͒ allows the transform of the self-energy to be written as a convolution
͑49͒
The spatial transform of the self-energy and the mean Green's dyadic have the same form as the bare Green's dyadic. Hence, one may write
These are the expressions for the mean response. They define the phase velocity and the attenuation of longitudinal and transverse wave types. The inverse Fourier transform of ͗G(p)͘ in Eq. ͑50͒ is dominated by the poles near ͉p͉ ϭ/c ␤ with ␤ϭL or T. Thus, the effective wave vectors, p, are the solution to the required
The real and imaginary parts of p give the phase velocity and attenuation, respectively. Equations ͑53͒ and ͑54͒ are usually solved numerically using root finding techniques. The solution for the attenuation can be calculated by making use of an approximation valid below the high frequency geometric optics limit. In this case, the solutions, p, are approximated as equal to the bare solution. Such an approximation, m(p) Ϸm(p /c ␤ ) is sometimes called a Born approximation. In essence, the phase velocity is supposed to remain unchanged by the heterogeneities. Under this approximation the imaginary part can be evaluated from Eqs. ͑53͒ and ͑54͒. The attenuations, which are the imaginary part for each wave type, are calculated as
͑55͒
The imaginary parts of m ␤ ͑where ␤ϭL or T) are determined from Eqs. ͑51͒ such that the attenuations are given by
where the integrals are over the unit sphere ŝ. Three additional functions are defined as
where the direction p defines the propagation direction, ŝ defines the scattered direction, and ps is the angle between these directions ͑i.e., cos ps ϭp "ŝ).
IV. ATTENUATIONS AND COVARIANCE
To derive the attenuations, the relevant inner products on the covariance of the effective moduli fluctuations are required. The covariance of the moduli fluctuations is represented by an eighth-rank tensor which is given in Eq. ͑40͒. The inner product is given explicitly by
The covariance here is given in terms of an average over all crack orientations. Thus, the crack normal n may vary over all possible directions. In this case, the following identities are needed:
where the brackets, ͗ ͘, denote the ensemble average. All averages of odd numbers of n's are zero. The average of the tensorial part of the covariance over all orientations of crack normal is defined by
Here, we use the relation ͗H(x)H(y)͘ϭPr(r͉0), where Pr(r͉0)ϭ(1Ϫ)(r)ϩ is defined as the conditional probability. 28 The notation r is used to denote the magnitude of the difference between two vectors, x and y. Here, the second order terms are neglected under the assumption that the damage density is small. Thus, ͗␦C i jkl (x)␦C ␣␤␥␦ (y)͘ ϭ(r)⌶ i jkl ␣␤␥␦ . It is noted that
Using the identities in Eqs. ͑58͒, the general form of ⌶ is given in terms of Kronecker deltas. The expressions for the attenuations, in turn, involve certain inner products of ⌶ with incoming and outgoing wave vectors. In terms of the angle between p and ŝ, these necessary inner products reduce to
ϩ32T 5 ϩ16T 6 ϩ16T 7 ͔cos 2 ps ϩ͓4T 3 ϩ16T 6 ϩ4T 7 ͔cos 4 ps ,
ϭ͓ϪT 3 Ϫ2T 6 ͔cos ps ϩ͓2T 3 ϩ4T 6 ͔cos 3 ps ,
ϭϪ3T 6 cos ps ϩ͓4T 6 ϩ2T 7 ͔cos 3 ps ,
The coefficients T i are given by
1Ϫ2 ,
with the constant Dϭ Using the notation
allows the attenuations to be reduced to the form
TT ͑ ͒N͑͒d cos .
The total attenuations for the longitudinal and transverse waves are given by
The appropriate expressions for the tensorial part of the covariance, Eqs. ͑62͒, and the final expressions for attenuations, Eqs. ͑67͒ and ͑68͒, are the main results of this section. The attenuations are expressed as integrations on the unit circle in terms of the spatial transform of the spatial correlation function. Most importantly, the results are expressed in terms of the damage density . We see that the attenuations scale linearly with damage factor . In the next section, a form for is assumed and example results presented.
V. EXAMPLE RESULTS
In this section, example results are presented in terms of the dimensionless damage parameter for an assumed spatial correlation function. For the example case, the material properties of the uncracked medium used are Young's modulus Eϭ2.0ϫ10 7 Pa and Poisson's ratio ϭ0.16. As discussed following Eq. ͑40͒, the tensorial and spatial contributions of the material covariance are assumed independent. The spatial correlations were characterized by .
Here it is assumed that has an exponential form
where L is the spatial correlation length, Lϭ2͗a͘. As discussed by Stanke, 29 an exponential function describes the correlation of continuous and discrete materials reasonably well. Such a model, with a single length scale, is perhaps oversimplified for materials containing a wide range of crack sizes. However, for many materials, such a model is expected to described the statistics of the material properties well. Other correlation functions, such as that discussed by Markov and Willis, 28 are thought to give similar results for the frequency range considered here. The influence of this choice of correlation function on the attenuations is the subject of future investigations.
In transform space
With the length scale of the spatial correlation introduced, dimensionless longitudinal and transverse frequencies are defined as x L ϭL/c L and x T ϭL/c T . The transform of the difference between two wave vectors is then expressed as
Here the scripts, ␣, ␤ denote the wave types L or T, and ϭcos ps . In dimensionless form, the attenuations in Eqs.
where Bϭc T /c L is the wave speed ratio. The coefficients h i , m i , n i (iϭ1,2,3) are given as
h 2 ϭ4T 2 ϩ4T 4 ϩ32T 5 ϩ16T 6 ϩ16T 7 , ͑75͒ h 3 ϭ4T 3 ϩ16T 6 ϩ4T 7 , m 1 ϭ2T 4 ϩ4T 5 ϩ4T 6 ϩ8T 7 , m 2 ϭ4T 3 ϩ4T 5 ϩ20T 6 ϩ8T 7 , ͑76͒ m 3 ϭϪ4T 3 Ϫ16T 6 Ϫ4T 7 , n 1 ϭT 3 ϩ7T 6 ϩ10T 7 , n 2 ϭϪ3T 3 Ϫ13T 6 Ϫ2T 7 , ͑77͒ n 3 ϭ4T 3 ϩ16T 6 ϩ4T 7 .
Example calculations using Eqs. ͑72͒-͑74͒ are shown in Fig. 2 . The dimensionless longitudinal and transverse attenuations, ␣ L H and ␣ T H, respectively, are plotted as a function of dimensionless frequency, x L , for two values of the damage parameter . Equations ͑72͒-͑74͒ are shown to scale linearly with such that other values of lead to constant shifts in these curves. The attenuations increase with the fourth power of frequency in the low frequency limit as expected. After a transition region, the attenuations increase with the square of frequency. However, it should be noted that the results at higher frequencies are less accurate than those at lower frequencies. This inaccuracy is the result of the truncation of the expansion in Eqs. ͑20͒. The longitudinal attenuation is smaller than the transverse attenuation in part due to the wavelengths of the respective waves. However, when the attenuations are plotted in terms of their respective dimensionless frequency, the transverse attenuations remained larger than the longitudinal. Thus, the higher transverse attenuation is a combination of effects of wavelength and interaction with the cracks. As shown in Fig. 2 , the ratio of the longitudinal and transverse attenuations is a constant at low frequencies, but changes at higher frequencies. Figure  3 is a plot of the wave speed ratio B e ϭC T /C L and C ϭ(C T /C T )/(C L /C L ), as a function of damage factor . As has been observed experimentally, the wave speed changes much less than the attenuation for a given damage level. 30 Thus, the result shown in Fig. 3 is not unexpected. 
VI. DISCUSSION
The propagation and scattering of elastic waves in a homogeneous, isotropic medium with damage from microcracking has been investigated. A generalized tensor-based approach was used such that the results are coordinate free. The effective compliance or stiffness in terms of the damage parameter was discussed. Initially, effective compliance due to a single penny-shaped crack embedded in an infinite elastic solids was examined. The effective properties of a homogenous, isotropic solid in which a large number of microcracks is embedded were then determined by superposition. The modulus fluctuations were then derived relative to these average moduli. The ensemble average covariance of the modulus fluctuations was then derived for randomly oriented cracks. The expressions for the longitudinal and transverse attenuations were derived by considering the Dyson equation, which governs the mean elastodynamic response of the medium. The Dyson equation was solved within the limits of first-order smoothing approximation ͑FOSA͒. The final forms of the attenuations have a linear dependency on the damage parameter, which is expected to be valid for low crack densities. The use of the tensor-based approach presented here for studying elastic wave scattering in media with microcracks allowed the attenuation expressions to be reduced to simple forms. These results should be very useful for nondestructive testing and materials characterization research. In particular, the study of wave interactions with aligned cracks, whose evolution is modeled using a damage tensor, will be much more direct. This topic will be examined in the future. The general formulation also is convenient for considering other problems such as studies of backscatter and multiple scattering phenomena.
